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A THEOREM  IN  THE  TIF.ORY  OF 
FINITE  ELASTIC  DEFOHHATtqms^ 

by 

R,  S.  Rivlin*^  and  C,  Topakoglu- 


ABSIR.ACI 


In  a previous  paper,  it  has  been  shown  that  the  dis- 
placements produced  in  a body  of  elastic  material  by  a specified 
system  of  applied  forces  can  be  calculated  according  to  second 
order  elasticity  theory  by  (1)  calculating  the  displacements 
produced  by  the  specified  system  of  forces  according  to  the  first 
order  (i.e,  classical)  elasticity  theory,  (ii)  calculating  the 
additional  forces  which  must  be  applied  to  the  body  according  to 
the  second  order  theory  in  order  to  produce  these  disnlacements 
and  (iii)  calculating  the  displacements  which  are  produced  in 
the  body  according  to  classical  elasticity  theory  by  this  addi- 
tional set  of  forces.  Then,  the  displacements  produced  in  the 
body  by  oue  specified  set  of  forces,  according  to  second  order 
elasticity  theory,  is  given  by  subtracting  the  displacements 
calculated  according  to  (iii)  from  those  calculated  according  to 
(i' . 

In  the  previous  paper,  this  theorem  v/as  proven  for 
an  isotropic  elastic  material.  In  the  present  paper,  a proof 
of  the  theorem  is  given  which  is  valid  also  for  anisotropic 
materials.  Furthermore,  the  theorem  is  extended  to  provide  a 
method  for  calculating  the  displacements  produced  in  a body  of 
elas  ic  material  by  a specified  force  system,  according  to  nth 
order  elasticity  theory. 


The  results  presented  in  this  paper  were  obtained  in  the  course 
of  research  sponsored  by  the  Office  of  Naval  Research  under 
Contract  N7onr-35B01  with  Brown  University. 
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1*  Introduction.  In  the  theory  of  the  finite  deforma- 
tion of  bodies  of  elastic  material,  the  elastic  properties  of  the 
material  may  be  defined  by  means  of  a strain-ener.^y  function. 

This  is  the  energy  stored  elastically  per  unit  volume  of  the 
material  measured  in  its  undeformed  state  and  may  be  denoted  by 
W,  If,  in  the  deformation,  a point  of  the  body  which  is  ini- 
tially at  in  a rectangular  Cartesian  co-ordinate  system 
moves  to  in  the  same  co-ordinate  system,  then  W may  be  ex- 
pressed as  a function  of  the  components  of  the  tensor  g..  de- 

J 

fined  by 


^i,1  ■■  3Xi  axj  ’ 


(1) 


provided  that  the  body  is  homogeneous  in  its  undeformed  state. 

If  the  material  of  the  body  is  isotropic  In  its  undeformed  state, 
then  W may  be  expressed  in  terms  of  the  quantities  g^^  through 
the  three  scalar  invariants  I2  and  of  the  tensor  g^^^ 
defined  by 


^1  Sii  » ^2  = ^ii  gij  » 


(2) 


where  is  the  co-factor  of 


4 in  (let  . 


If  the  material,  whether  isotropic  or  not,  obeys  the 
?quations  cf  cl:,  cal  ---Irta  t Lc J uy  theory  ror  sufficiently  small 


deformations,  then  W must  be  expressible  as  a nolynomial  in  g. 


ij 


and  hence  as  a polynomial  in  eUj^/3Xj , where 


Uj  Xj  - Xj  . 


(3) 
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V/e  may  therefore  write 


OD 

W = Z 


W 


n=o 


n » 


(4) 


where  is  a homogeneous  polynomial  of  degree  n in  the  nine 
displacement  gradients  5u^/0Xj.  If  we  take  V/  = 0 when  the  body 
is  undeformed,  i,e.  when  5uj^/6Xj  =•  0,  we  hav'.'.'  V/^  - 0,  Since  the 
stress  components  t^j  in  the  co-ordinate  system  Xj_  are  given  by 


aw 


C5) 


'"ik  0^^  ar^/Tx^  ’ 

if  we  assume  that  the  stress  in  the  body  is  zero  in  the  undeformed 
state,  v/e  obtain  W-j^  = 0.  V-^e  nay  thus  v/rite 


CO 

W = Z 
n=2 


W, 


n 


/ N 


If  the  deformation  is  such  that  3uj_/ax^  is  sufficiently 
small  compared  with  unity,  we  can  approximate  to  V/  by  the  ex- 
pression W2»  To  a higher  degree  of  approximation  we  can  take 
W = W2  + W^,  To  a still  higher  degree  of  approximation  we  can 
take  V/  = W2  + + Wi^  and  so  on.  Introducing  these  expressions 

for  VJ  into  the  expressions  (5)  for  j obtain  corresponding 
expressions  for  the  stress  components. 

The  equations  of  motion  and  boundary  conditions  for 
the  deformation  of  the  body  are  given  by 


_a 

ax 


3^u. 


r 1 + n f - r i 

j L araiTiTexjy •'  ^ Po  h - Po  - 


and  F.  = 


3W 


sTau^/sXjT  i 


1 


(7) 
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where  is  the  applied  body  force  per  unit  mass,  is  the 
applied  surface  traction  per  unit  area  of  surface  measured  in 
the  und.efor.med  state  of  the  bv'dy,  Pq  is  ihe  density  of  the 
material  in  its  uiv  oformed  state  and  are  the  direction-cosine 
of  the  normal  to  the  surface  in  its  undeformed  state. 

If  we  introduce  W = W2  into  the  equations  (7),  we 

obtain 


3V/2 


^ "aCau^/axJT^^  ^i  Po 

a Wq 

and  - aTall^ZaTp'  * 


(8) 


These  are,  of  cou-"se,  the  liquations  of  motion  and  boundary  con- 
ditions of  classic^>l  elasticitv  thecrr.  If  f and  F^.  are 

1 

specified  and  8u^/ax^  are  sufficiently  small  compared  with 
unity,  the  solutions  for  of  these  equations  provide  a first 
approximation  to  the  disnlacetrents  produced  in  the  body  by  the 
applied  forces. 

If  we  introduce  Vi  = into  the  equations  (7), 


we  obtain 


) j.  Sh'2  ^ g ^ cuv-^  ^ ^ 

cj  ^dTF'IJZaTJTJ  axj  -oOuj^/ax^ Po 


ax 


and 


a W-) 
Ft 


f.  = 


3^ 


Ui 


at- 


3 W2 

j ~ n f ! 

• 1'  - 


aw 


-r-  + — r 1 . 

• ■'1'  ■ “,i ' 


('q') 


These  equations  may  be  called  the  equations  of  motion  and  bound- 
ary conditions  of  second  order  elasticity  theory.  It  will  be 
shown  that  a solution  for  Uj^  of  these  equations  may  be  obtained 
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by  the  following  procedure: 

(i)  VG  first  obtain  a solution  Uj  = eu^  = eu^(Xj)  of  the  clas- 
sical equations  of  motion  and  boundary  conditions  (PO) 
valid  to  an  order  of  approyiniation  Involving  neglect  only 
of  terms  of  higher  degree  than  the  first  in  the  space 
derivatives  of  the  displacement  components; 

(ii)  we  introduce  Uj  = eu^  into  the  equations  (9)  and  thus 
calculate  the  apnlied  body  forces  fj^  = f^  (say)  and  surface 
tractions  - F*  (say)  corresponding  to  the  dis'^lacements 
eu|  according  to  the  equations  of  motion  and  boundary 
conditions  of  second  ord^=r  elasticity  theory; 

(iii) we  now  calculate,  according  to  first  or'^er  elasticity 

p 

th-^ory,  the  displacements  e 'u’^  which,  are  produced  in  the 
body  by  the  system  of  body  forces  f^  - f^  and  surface 
tractions  F-  - F ; 

1.  i/ 

(iv)  then  Uj^  = e satisfies  the  equations  (9)  of  second 

order  elasticity  theory  with  ti'.e  neglect  only  of  term.s  of 
higher  degree  than  the  .second  in  tiie  space  derivatives  of 
the  disnla cement  components, 

fhis  theorem  has  already  been  nrcven*  for  an  isotropic 

material*  The  merhod  of  proof  ompioyed  in  the  present  panar 

n+2 

If  wo  introduce  W = T.  Inuo  the  equations  (7), 


R.S.  Rlvlin  "The  Solution  of  Problems  in  Second  Order 
'Elasticity  Theory",  J.  Rat’i  Mech.  ^ Anal.  9)  ?3-'^l  (1953). 
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we  obtain 


n+2 


aw. 


'^areSjTax^^  * p 


a^Ui 


O fi 


= p< 


at 


n+2 


and 


^ 1 


/.i 


a(  aui73Xj7  * 


aw. 


(10) 


Those  equations  may  be  called  the  equations  of  motion  and 
bouiviary  conditions  of  (n-:-l)th.  order  elasticity  theory. 

It  will  be  shown  in  § 3 that  if,  correspondin'^  to 
an  applied  system  of  body  fcrc'^s  f^  and  surface  tractions  F^, 
we  have  a displacement  field  satisfying  the  equations 

of  nth.  order  elasticity  theory,  with  the  neglect  only  of  terms 
of  higher  degree  ttan  the  nth  in  the  space  derivatives  of  the 
displacement  components,  then  v/o  can  find  a displacement  field 
satisfying  the  equations  of  (n+l)th  order 
elasticity  theory,  for  the  same  system  of  applied  forces,  with 
the  neglect  only  of  terms  of  '->igher  degree  than  the  (n+Dth  in 
the  snace  derivatives  of  the  disnlacemont  eomponents,  by  the 
following  rroceduro: 

(i)  we  introduce  Uj^  = r.n^  into  the  f^quations  (10)  of  (n+l)th 
order  elasticity  theory  end  calculate  the  body  forces  f. 


(say)  and  surface  tractions  F*.  (say)  corresponding  to  the 

1 


rl  i c?  n "!  a r«  p rrp  n f.  a kT t . 


(n) 


ic cording  to  the  ceuations  of  mot'!  on 


and  boundary  conditions  of  (.i+l)th  order  elasticity  theory; 
(li)  we  nov;  calculate,  according  to  first  order  cTasticity 

theorv,  t’-'O  di  sul  ecem'.'nts  which  are  produced 

in  the  body  by  the  system  of  body  forces  f^  - 


f ^ and 
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surface  tractions  ; 

(iii)  then  « t^^+1  satisfies  the  equations 

of  motion  and  boundary  conditions  of  (n+l)th  order 
elasticity  theory,  v;ith  the  neglect  only  of  terms  of 
higher  degree  than  the  (n+l)th  in  the  space  derivatives 
of  the  displacement  components. 

It  is  apparent  that  by  repetition  of  this  process 
with  n successively  equal  to  1,2,3, .. .n-1,  we  can  calculate  by 
this  method  the  displacement  field  corresponding  to  the 

equations  of  nth  order  elasticity  theory. 

2 • Second  Crdor  Approximations  in  Finite  Elasticity 

m V^PQT’y , 

Let  Uj^  = £U^  be  a solution  of  the  equations  (8),  valid 
with  the  neglect  only  of  terns  of  higher  degree  than  the  first 
in  e^ . Then, 


2 

where  9,-  and  are  0(e  ). 

If  we  introduce  Uj^  = eu-j  into  equations  (9)-  we  find 
the  expressions  f^  and  f[  for  the  forces  which  must  be  applied, 
according  to  second  order  elasticity  theorv,  in  order  to  main- 
tain in  the  body  concerned  the  deformation  u^  = eu^  . 


All-10^ 


We  have 


' 8‘^U4 

^oh  = ^Po-5^ 


r_^  ( ^'‘‘2 

‘■axj  ‘ST^'up^aT^ 


r *1 . 

laTa'ujfep’j- 


U4  =e  a. 


and  Fi  - [ arallTaxp  ^ aTa^xp  ^Ui=eu^  . 


(12) 


From  equations  (11)  and  (12),  v;e  have 

1 ^ ( 3Wt  -> 

Potfi  - q - CPi)  = - [.-5^ 


y u^=f:u. 


(13) 


We  see  znst  c_(f.  - f.  - m . ) and  F.  - are  of  second 

‘^'1  1 i j. 

degree  in 

2 " 

Now,  let  us  supnose  that  s u^  cf’c  the  solutions  of  the 
first  ord»^r  (i.e,  classical)  equations  of  motion  and  boundary- 
conditions  (8),  when  the  body  forces  and  surface  tractions  are 


ff  - f^  and  F^  - F^  respectively, 


e then  have 


aWp  -)  t 2 


Fi  - Fj  = t,  _2„" 


/ T ).  \ 
^ f T ; 


We  can  show  that  Uj_  = eu^  - e 'Uj^  satisfies  the  equations  of 
motion  and  boundary  conditions  of  second  order  elasticity  theory, 
with  the  neglect  only  of  terms  of  higher  degree  than  the  second 


in  e . 
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I £ 


have 


I 2 

Intoducin.'»  = eu^  - e into  the  equations  (9),  we 


0W2  1 


1 2 I 

1 9(  c'Uj^/aX'jTj  _ e^u'l 


ui  = eu^  - 


e u. 


„ Po^*!  = -P 


a^ul 


° at- 


2 " 
2 9 ^1 

- e Pc  p 

® Ot^ 


» 2 ’* 

- e 


aw- 


Uv»  T 


2 » 

e . 


(15) 


Noting  that  av/^/S(  au^^/aX^ ) is  homogeneous  and  of  second  degree 

r 

L 

q 


in  the  quantities  au^/ax^  , we  may  replace 


[-9 

•■ax 


j l^afaiT^/aYp  j 


11 


u^  = eu 


aw^ 

1 i '111 


r a f awp  1 - r 9V/o  , 

5'  [aTfil^xTy I ‘■^9^:7ax77^u,,eu; 

respectively,  with  th<^  neglect  only  of  terms  of  higher  degree 
than  the  second  in  t.  Also,  since  aWo/a( auj/ ax j ) is  linear  in 
au^/aX  , wo  mav  write 

p q ’ 


i f- 


i 


I 
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r_l  J ‘^2  li 
‘ I a(aVex, )]',_,, 


:£Uj 


- [ 


9 ( 


aw. 


2 1 


axj  t^u-57ax^]^_^^^^2  " 


awo 

^ L a^  a,i  T^y  Y ^ 


av'o 

_ r ci 

I!  “ L' 


■] 


atau^/  9x77  Uj^=eu^-c2u'|  aCau^'/aXjT 


r__ 9^2  1 

^acaui/ax;^)''  ,2^-;  ^ 


(16) 


V/e  may  therofore  re-v/rite  the  equations  (15)  as 


r a J 9^2  ]i 

[aT^-/ax7)f 


- [• 


awg 


ax4  S a(aiT79)M  r „ c2.'' 

J V.  1 1 J Uj^=e 


*-a>?;  i'^aui/ax.T]  V _£u' 

O'-  -‘-  J j 


e2 


a^u’’ 

1 _ i 


u.;  2 


'-^0  ^ 


. 9V  ^ 

and  F,  = I,  [-rr^-7'A'^T ^ i ~ C 


1 r 

OW 


'J  ^-ararj-ZalTT^^^,,,!  ' M ^3nir/axJ)'l 


aw^ 


" 0 f araujTWjT  , d") 


with  the  neglect  only  of  torrrs  of  higher  degree  than  the  second 


in  e 
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It  I 

Since  satisfies  the  equations  (In-)  and  satisfies 

I t 

the  equations  (11)  and  f^  and  are  given  by  (12),  ve  readily 

I 2 '• 

see  that  equations  (12)  are  satisfied.  Thus  Uj^  = eu^  - e 
satisfies  the  equations  of  motion  and  boundary  conditions  of 
second  order  elasticity  theory,  in  which  the  body  forces  are  f^^ 
and  the  surface  trz  ctions  , with  the  neglect  only  of  terms 
in  the  equations  of  higher  degree  than  the  second  in  e. 

Consequently,  the  displacement  field  v;hich  satisfies 
the  equations  of  second-order  elasticity  theory,  with  tlie  neglect 
only  of  terms  of  higher  degree  than  the  second  in  the  snace 
derivatives  of  the  di  s^'dacement  cernponents,  may  be  calculated 
by  the  procedure  described  in  SI. 

3 • Ih Higher  Order  _ Ap_n roximations  in  Finite 
Elasticity  Theory . 


Let  us  suppose  that  u^^ 


n 

S 

r=2 


u 


i 


(r) 


satisfies  the  equations  of  notion  and  boundary  conditions  of  nth 
order  elasticity  theory,  with  the  neglect  only  of  terms  of  higher 
degree  than  the  nth  in  e , v;hen  the  body  forc'^s  and  surface 
tractions  applied  to  the  body  under  consideration  are  f^  and  F^_ 


respectively, 


V'e  then  have 


Ol^j, 

*s 

1 

1 

f vs  .»  1 

C\  / O nr 

t j ^ 

* > 

r 1 

0 V 

^ y 

-J  J 

= P, 


+ n f i' 

r n ' - - 


X m ^ 

't'  j / 
X 


6^u. 

3t‘ 


(1) 


n 

- p 

° r=2 


2„  (r) 


;r  Q ^1 
9t^ 


and 


F ■— 


n+1 


dVf 


pl2  J 9(dUi/8X7T 


0 j 


u.  =e  rj. 


(n) 


(IB) 
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where  cp^  and  <1)^^  are  of  de^3^ee  higher  than  n in  e.  The  body  forces 
f'j_  and  surface  tractions  F'  which  must  be  applied  to  the  body  in 

j-j 

order  to  support  the  deformation  Uj  = eu4^^^-  S u. 

r=2  ^ 

according  to  (n+l)th  order  elasticity  theory  are  given  by 


a i 8'lr  \1 

[r==2 


+ Po  ^*i 


(1)  n a2„ 

a-ui  “ 9 

= p e ^ - p Z e' 7 

° at^  ° r=2  et'^ 


and 


f 


r>2 


- h aTteT/Sx-T j uj-suhn)  • 


aVv„ 


1 


From  equations  (l8)  and  (19),  we  obtain 

aw_ . o 


and 


r a 1 ^^n+2  1^1 

(arsifjTaxyj  ihi=eUi 


F,  - Fi  - $1  = . 


(n) 


Po  '^i  - ^1  “ 'Pi^  = 


= 0 


aw 


n+2 


(19) 


f 20'! 


‘ I 

< 5 


From  these  equations,  wo  readily  see  that  the  expressions  for 

I T 

f^  - fj^  - cp,.  and  Fj_  - Fj_  - <1)^  involve  terras  of  degi^ec  n;l  or 
iiif^hcx  in  b,  oince  cp^^  and  also  involve  terms  of  degree  n+1 

I » 

or  higher  in  e,  we  see  that  fj_  - f^^  and  - Fj^  invoj.ve  terms  of 
degree  n+1  or  higher  in  e. 

With  the  neglect  only  of  terms  of  higher  degree  than 
n+1  in  e,  equations  (20)  can  be  ”e-written  as 


I 


L 
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^ *'0  ”1  - ^1 


+ Po  - fi  - 9i)  = 0 


and 


0 w 


1 1 1 ■.  Ui.eui' 

No^  let  be  the  displacement  produced  in 

the  body  by  the  system  of  body  forces  f^  - fj^  and  surface  trac- 

I 

tions  - Fji^  according  to  the  classical  elasticity  theory.  V/e 
then  have,  from  equations  (8), 


.(1)  ‘ 


(21) 


r a r O'-'? 

‘■oXj  I ^"au^/’a'xpj^ 


at/p 


(f.  - f-,) 


-Po^ 


n-«-l 


3"u.(n+l) 


at 


and 

it'  ^ ^ r 9V/2  T 

''l  - - i - 0 ' ,,^(n4l)  , (22, 

V/e  can  readily  shov/  that  u^=eu,^1^-  Uj^'-^'' 

^ r=2 

satisfies  the  equations  of  motion  and  boundary  conditions  for 
(n-»-l)th  order  elasticity  theory,  for  the  problem  in  which  the 
system  of  body  forces  fj^  and  surface  tractions  are  applied  to 
the  body  uniter  consideration,  with  the  neglect  only  of  terms  of 
higher  degree  than  n+1  in  e.  If  this  is  to  be  the  case,  we  musc 
have 


> f 

I ».• 


i 
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rn+2 


8W, 


I| 


Lr=2  ^ 


" "o  ^i 


3"-Ui 


(1)  ■'■11  - aSui^'’’ 

° r=2  8t2 


and 


f"n+2 

X 

r=2 


31/, 


a(  3a7/0xp' 


Ui=eUi 


(n+1)  ’ 


(23) 


with  the  ne:^lect  of  terms  of  higher  degree  than  n-^1  in  e. 

To  this  degree  of  approximation,  these  equations  may 
be  re-written  as 


8 •/  ^'■'t  >" 

. r 3 ! y 

Lr=2 

i^airj |_araq73Xj7j 

Ui=e 

3 J 

3X^  |aT3u 


aw2 

Ui/ax^J. 


Po  ^i 


a2u^(l)  n+1  g2u.(r) 

= PqE k - Pc  ^ ^ — i 

° at^  r=2  at^ 


and 


Fj  = 


,-n+l 


aw. 


i2  af'au^/axp' 


Ui-'^u. 


(r) 


+ i r n+2  1 

‘-’aTau . TpxTT 

j ■ *^i 


i I-  ^^2  -1 

-U  -ar^TTaxjrJ  (n*i)  • 


(24) 


From  equations  (l3),  (21)  and  (22),  it  follows  that 
equations  (24)  are  satisfied. 
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It  is  thus  seen  that  if,  corresponding  tn  an  applied 
systeiii  of  body  forces  fj^  and  surface  tractions  Fj_,  v/e  have  a 
displacement  field  Uj^  = satisfying  the  equations  of  nth. 

order  elasticity  theory,  with  the  neglect  only  of  terms  of 
higher  degree  than  the  nth.  in  the  space  derivatives  of  the 
displacement  components,  then  we  can  find  a disnlacement  field 
u^  = satisfying  the  equations  of  (n+l)th.  order  elas- 

ticity theory,  for  the  same  system  of  applied  forces,  with  the 
neglect  only  of  terms  of  higher  degree  than  the  (n+l)th.  in  the 
displacement  gradients,  by  the  procedure  described  in  §1.  Con- 
sequently, by  repeating  the  nrocedure  described  in  §1  with  n 
successively  equal  to  1,2,3, ., .n-1,  we  can  calculate  the  dis- 
placement field  eUj^^J^^corrosponding  to  the  equations  of  nth. 
order  elasticity  theory. 

It  will  be  noted  that  t!  is  procedure  for  obtaining 
a solution  of  the  equations  of  nth,  order  elasticity  theory  is 
one  which  yields.  ? unique  solution.  Other  solutions  of  the 
equations  may  exist. 


